Abstract. Let T k be the homogeneous tree of degree k ≥ 3. J. M. Cohen and F. Colonna have proved that if f is a bounded harmonic function on T k , then |f (x)−f (y)| ≤ f ∞ ·2(k −2)/k for any adjacent vertices x and y in T k . We give here a new and very simple proof of this inequality.
INTRODUCTION
The homogeneous tree of degree k (k ∈ N), written T k , is a connected graph without a circuit where every vertex has exactly k neighbours. The distance d(x, y) between two vertices x and y of T k is the number of edges in the unique path from x to y (using the terminology of [2] ). If x is a vertex of T k and r ∈ N 0 = N ∪ {0}, we write S(x, r) the sphere of centre x and radius r (i.e. the set of vertices at distance r from x) and B(x, r) the ball of centre x and radius r. By definition |S(x, 1)| = k and it is easily shown that, for r ≥ 1, |S(x, r)| = k(k−1)
A complex valued function f defined on the vertices of T k is harmonic at a vertex x if its value at x is the mean of its values at the neighbours of x:
The function f is harmonic on T k if it is harmonic at every vertex of T k .
In many aspects T k can be seen as a discrete analogue of the euclidean plane or, better, the hyperbolic plane, in particular with respect to properties of harmonic Proposition. Let k ≥ 3. If f is a bounded harmonic function on T k and x, y are two adjacent vertices in T k , then
Their first proof [4, Theorem 1, p.65] uses elementary tools but is somewhat involved. They later sketch another proof [4, p.71] which they term more elegant, but it is cetainly not elementary, since it uses the Poisson integral representation of bounded harmonic functions and harmonic measures on the boundary of the tree. Now, we can get this inequality in a way which is both elementary and elegant.
PROOF
The key idea is to imitate Nelson's proof [6] of Liouville's theorem: every bounded harmonic function on R n is constant. So, take f a bounded harmonic function on T k , x and y two adjacent vertices in T k , and r ∈ N. We calculate
(where B(x, r) B(y, r) is the symmetric difference of the two balls). We have here a decreasing sequence, but which does not converge to zero (in contrast to R n ): we arrive, when r → +∞, at
